Sequential weak measurements of non-commuting observables is not only fundamentally interesting in quantum measurement but also shown potential in various applications. The previous reported methods, however, can only realize limited sequential weak measurements experimentally. In this Letter, we propose the realization of sequential measurements of arbitrary observables and experimentally demonstrate for the first time the measurement of sequential weak values of three non-commuting Pauli observables by using genuine single photons. The results presented here will not only improve our understanding of quantum measurement, e.g. testing quantum contextuality, macroscopic realism, and uncertainty relation, but also have many applications such as realizing counterfactual computation, direct process tomography, direct measurement of the density matrix and unbounded randomness certification.
Introduction. Limited by Heisenberg uncertainty principle [1] , conventional quantum measurement theory forbids joint information extraction for non-commuting observables since that measurement inevitably collapses system into one of eigenstates of observable . This awkward situation can be partially relaxed, however, by weak measurements in which lesser information is obtained but with smaller disturbance to system. Weak measurement, which came up by Aharonov, Albert and Vaidman (AAV) in their 1988 original paper [2] , has attracted widely interests in recent years. When the interaction between quantum system and probe is weak enough and a proper post-selected state is given to quantum system after interaction, the AAV shows that there appears a strange value of observable which they call it weak value (WV). Specifically, the WV of observableÂ is defined as Â w = ψ f |Â|ψ i / ψ f |ψ i with |ψ i and |ψ f represent pre-selected and post-selected state of quantum system respectively. The WV is full of strangeness even from the point view of standard quantum theory. It is in general a complex value and can beyond the eigenvalue spectrum of observable. Despite of the long-standing controversy about the physical meaning of WV [3] [4] [5] , the strange properties of WV itself show its powerful applications in solving quantum paradox [6] , quantum state reconstruction [7] [8] [9] and signal amplification [10] [11] [12] .
The fact that one hardly disturb the system when making weak measurements implies that non-commuting observables can be measured in succession and joint properties can be extracted via so called sequential weak values * mengjun@mail.ustc.edu.cn † bhliu@ustc.edu.cn ‡ yshzhang@ustc.edu.cn (SWVs) [13, 14] . The measurement of SWVs experimentally is thus of great interest from both fundamental and applicative point of view. Unfortunately, most experiments reported till now have only realized single observable weak measurements or joint weak measurements on commuting observables [16] [17] [18] [19] [20] and the first experimental measurement of SWVs of two incompatible observables in photonic system is reported only very recently [14, 15] , in which case the use of spatial distribution of photons as the pointer restrict its ability to perform further sequential measurements. The realization of measurement of SWVs, both real part and imaginary part, of arbitrary non-commuting observables is still missing.
In this Letter, we propose the realization of measurement of SWVs of arbitrary non-commuting observables and experimentally demonstrate the first measurement of SWVs of three non-commuting Pauli observables in photonic system with genuine single photons. The core of our proposal is the realization of sequential weak measurements (SWMs) of arbitrary observables. Contrary to previous methods, the use of discrete pointer in our case makes the proposal here more feasible practically. The results presented here are not only helpful in understanding measurement of non-commuting observables but also useful in realizing counterfactual computation experimentally [13, 22, 23] , direct process tomography [15, 24] , direct measurement of density matrix [9] and unbounded randomness certification [25, 26] .
Sequential weak measurements and sequential weak values. We begin with a brief review of SWMs and SWVs. In a typical weak measurement, the system with preselected state is first weakly coupled to a pointer and then post-selected into a specific state. The real part and imaginary part of weak value of measured observable can be obtained respectively when we perform mea- surement of conjugate observables of pointer e.g., position or momentum. In most theoretical discussions and experiments, pointers are chosen as Gaussian continuous distribution with the von Neumann-type interaction HamiltonianĤ = gÂ ⊗P [2, 9, 14]. Here we adopt discrete pointer e.g., polarization degree of freedom of photons and the interaction Hamiltonian has the form H = γÂ ⊗σ y , in which eigenstates of observableÂ cause different rotations of pointer [7, 21] . In the case of continuous pointer, the number of SWMs is limited due to the fact that only three independent spatial degrees of freedom are available [14] , while it is not a problem in the case of discrete pointer as we will show in the experiment part. The state of pointer, after system is post-selected into state |ψ f , becomes (unnormalized)
where |0 p is the initial state of pointer and natural unit is used that ≡ 1. The pointer belongs to a qubit space spanned by the orthogonal states {|0 p , |1 p }. When the coupling γ is weak enough the pointer state |φ p can be approximately rewritten as
with Â w = ψ f |Â|ψ i / ψ f |ψ i is weak value. The postselection of system causes θ Â w rotation of pointer in the weak coupling case and Â w can be extracted by performing measurement of conjugate observables of pointer. The real part and imaginary part of Â w are obtained from the expectation value of pointer observablesσ + and σ R respectively. Specifically, we have
The state of the composite system, assuming that weak coupling strength θ is the same for every weak measurement without loss of generality, becomes
After SWMs, post-selecting system on |ψ f gives the state of pointers as
Here SWV is defined as Â 1 · · ·Â N w = ψ f |Â N · · · A 1 |ψ i / ψ f |ψ i , which can be obtained by performing measurement on N pointers (see details in Supplementary, Part A). In the case of N = 3, we obtain
Im〈σ  Similarly, the imaginary part of SWV is determined by
It is very interesting to note that the real part and imaginary part of SWVs depend on the number ofσ R in the expectation value [13] . The real part of SWV is obtained if there is an even number ofσ R , otherwise imaginary part of SWV is obtained. In the case that the measured observable is Pauli type i.e.Â ≡σ A = σ · n A , we could obtain the weak value σ A w without approximation since that e −iγσA⊗σy = cosγ − isinγ(σ A ⊗σ y ). The respective measurement of σ + ,σ R on the pointer gives The single photons source is realized by heralding the coincidence of pair of photons. The pair of photons is generated via spontaneous parameter down conversion (SPDC) process by pumping a 2 mm thick type-I beta barium borate (BBO) crystal with a 808 nm mode-lock Ti:Sapphire laser (repetition rate : 76 MHz). After coupled to single-mode fibre (SMF), the idler photons are directly sent to silicon single-photon avalanche detector (SPD) while the signal photons is connected to a launcher and then emitted along the free-space path. The signal photons are prepared into the initial state |ψ i = (|H + |V )/ √ 2 by using a polarizing beam splitter (PBS) and a half wave plate (HWP) rotated at π/8 after the PBS, where |H and |V represent the horizontal and vertical polarization state respectively. The sequential weak measurements of polarization observables of the signal photons is carried out via the weak measurement module a, b and c as shown in Fig. 1 . After passing through the module c, the signal photons is projected into final state |ψ f = cosθ|H + sinθ|V via a HWP rotated at θ/2 and a PBS. The signal photons, after the PBS, are then coupled to a SMF and sent to a SPD for coincidence detection.
The key of our setup is the weak measurement module that performs weak measurement of arbitrary polarization observable. Here we take the module c, which realizes weak measurement of observableσ ϕ ≡ |ϕ ϕ| − |ϕ ⊥ ϕ ⊥ | with |ϕ = cosϕ|H + sinϕ|V and |ϕ ⊥ = sinϕ|H − cosϕ|V , as an example to explain how it works. The basic idea is that we first transforms measurement basis {|ϕ , |ϕ ⊥ } into {|H , |V } via H3 and then performs weak measurement of observablê σ z ≡ |H H| − |V V | by using optical elements between H3 and H23 [27] . We complete weak measurement of σ ϕ by transforming system back to measurement basis {|ϕ , |ϕ ⊥ } via H23 at last. Both H3 and H23 are rotated at ϕ/2. Suppose that photons prepared in the polarization state α|ϕ + β|ϕ ⊥ are sent into the module c. After passing through the H3, the state of photons is transformed into α|H + β|V . In order to realize weak interaction e −iγσz⊗σy , we encode the information of system i.e. polarization of photons into the degree of freedom of optical path and use the degree of freedom of polarization as the pointer. This is realized by using a beam displacer (BD), the H17 rotated at π/4 and the H18 rotated at −γ/2, the H19 rotated at γ/2. The parameter γ, which reflects the strength of measurement, can be continuously adjusted in our case. The composite state of photons, after weak interaction, becomes α|0 ⊗ (cosγ|H − sinγ|V ) + β|1 ⊗ (cosγ|H + sinγ|V ), where the path states |0 , |1 represent photons flying along the down arm and up arm respectively. We then perform projective measurements on the pointer via the Q5, the H20 and a PBS. The information of system that encoded in the path basis {|0 , |1 } need to be recorded back into polarization basis for subsequent measurement, which is realized by recombining light of two arms via the H21 rotated at π/4 placed in down arm and a BD. The H22 rotated at π/4 after the BD is used for obtaining the correct state form. The system is transformed back to measurement basis {|ϕ , |ϕ ⊥ } via H23 and this finishes the weak measurement of observableσ ϕ .
The measurement of the pointer for each weak measurement, as described above, is realized via a polarizing analyzer placed between BDs in module. The outcome of measurement is encoded in the path of outgoing photons. By implementing projective measurement of basis state of observable separately, the expectation value of the observable is calculated by combining outcomes of projective measurements. The expectation value of multiple observables, which is required to obtain SWVs, can be obtained similarly.
Results. In our experiment, the module a, b and c realize weak measurement of polarization observableσ y ,σ z andσ ϕ respectively. Hereσ y ≡ |R R| − |L L|,σ z ≡ |H H| − |V V |. We perform the measurement witĥ σ ϕ=π/3 case such that SWV of three non-commuting observables, i.e., σ yσzσϕ=π/3 w can be obtained as shown in Fig. 2 and Fig. 3 . The measurement strength of all three modules, which is determined by parameter γ, is taken with the same value in our experiment. Two different cases with γ = 25
• and γ = 30
• are considered in our experiment as shown in Fig. 2 in comparison with Fig.  3 , which verify that SWVs are independent of measurement strength when Pauli type observables are measured. Of course, each weak measurement module is allowed to has different measurement strength but it will not affect the measured sequential weak values. Since γ can be continuously tuned via rotating HWP, the modules with γ = 0 perform no measurement at all, which enable us to realize weak measurement of arbitrary observable and SWMs of arbitrary two observables. The Fig. 2 and Fig.  3 show the measured sequential weak values of arbitrary two observables and three observables in the case of different post-selected states |ψ f = cosθ|H + sinθ|V . The weak value of arbitrary observable and SWVs of pauli observablesσ x ,σ y ,σ z are also measured (see Supplementary Material). Considering the statistical error and possible imperfections of optical elements, our results fit well with theoretical predictions. The results of three sequential measurements are worse than the case of two is due to the fact that system errors will be accumulated when more measurement modules are added.
Discussion and conclusion. Although we have only demonstrated sequential weak measurements of three non-commuting observables, our proposal allows measurement of arbitrary observables by using suitable number of weak measurement modules. The controllable measurement strength and modularize design of weak measurement make our proposal suitable for various weak measurements task with photonic system.
In conclusion, we have proposed how to realize sequential weak measurements of arbitrary observables and experimentally demonstrated for the first time the measurement of sequential weak values of three non-commuting observables with heralded single photons, which is impossible with the previous reported methods. The results presented here will improve further our understanding of mystery quantum world, e.g. testing quantum contextuality [28, 29] , macroscopic realism [20, 30, 31] , uncertainty relation [32, 33] , verifying measurement induced geometric phase [34] and so on [35, 36] . Moreover, our results have important applications in the areas such as realization of counterfactual computation [13, 22, 23] , direct measurement of matrix density [8, 9] , direct process tomography [15, 24] and unbounded randomness certification [25, 26] . 
